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Abstract. We study different problems related to the Solomon's descent al- 
gebra S(VF) of a finite Coxeter group (W, S): positive elements, morphisms 
between descent algebras, Loewy length... One of the main result is that, if 
W is irreducible and if the longest element is central, then the Loewy length 

of E(W) is equal to |~— 1 . 



Introduction 

Let (W, S) be a finite Coxeter system. The descent algebra T,(W) of the finite 
Coxeter group W is a subalgebra of the group algebra QW with a basis {xi : 
I C S}, where xi is the sum in QW of the distinguished coset representatives of 
the parabolic subgroup Wi in W . It is a non-commutative preimage of the ring of 
parabolic permutation characters of W, with respect to the homomorphism 9 which 
associates to xi the permutation character of W on the cosets of Wi . Solomon [S] 
discovered it as the real reason why the sign character of W is a linear combination 
of parabolic permutation characters. He also showed that Ker# is the radical of 
Y,(W). 

The special case where W is the symmetric group on n points, i.e., a Coxeter 
group of type A„_i, has received particular attention. This type of descent algebra 
occurs as the dual of the Hopf algebra of quasi-symmetric functions. Atkinson PQ 
has determined the Loewy length of E(W r ) in this case. 

For general W, the descent algebra has been further studied as an interesting 
object in its own right. Bergeron, Bergeron, Howlett and Taylor [BBHTj have con- 
structed explicit idempotents, decomposing S(W) into projective indecomposable 
modules. Recently, Blessenohl, Hohlweg and Schocker BHS] could show that 9 
satisfies the remarkable symmetry 9{x){y) = 9{y)(x) for all x,y <E £(W). 

The main purpose of this article is to determine the Loewy length of S(W) for 
all types of irreducible finite Coxeter groups W. With the exception of type D, u n 
odd, this is done through a case by case analysis, using computer calculations with 
CHEVIE [Chcvii] for the exceptional types, in the final Section 5. Our results show 
in particular, that if W is irreducible and if the longest element wq is central in W 

\~\S\~ 

then the Loewy length of E(W / ) is exactly 

-\s\- 

2 

ments of Y 1 + (W) 1 the set of non-negative linear combinations of the basis elements 
xi of and show that the minimal polynomial of an element of Y, + {W) is 

square-free. Section 4 deals with various types of homomorphisms between descent 
algebras, some restriction morphisms and one type related to self-opposed subsets. 
A restriction morphism between the descent algebra of type B n and the descent 
algebra of type D n is also defined. Section 2 sets the scene in terms of a finite 



between 



, whereas in the other cases, it lies 

2 

and \S\. Moreover, in Section 3, we study ideals generated by ele- 
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Coxeter group W and a length-preserving automorphism a. The general object of 
interest is Yi{W) a , the subalgebra of fixed points of a in 

Remark - If W n is a Weyl group of type B n , there exists an extension H' n of the 
descent algebra S(W„) which was defined by Mantaci and Reutenauer |MR] and 
studied by Hohlweg and the first author [BHJ. In [Bj, the first author investigates 
similar problems for this algebra (restriction morphisms, positive elements, Loewy 
series...): for instance, has Loewy length n. 

Acknowledgement - Some of the research leading to this paper was carried out 
when the authors were visiting the Centre Interfacultaire Bernoulli at the EPFL in 
Lausanne, Switzerland. They would like to express their gratitude for the Institute's 
hospitality. 

1. Notation, preliminaries 

1. A. General notation. If X is a set, V(X) denotes the set of subsets of X and 
V&(X) denotes the set of proper subsets of X. If k € Z, we denote by k(X) 
the set of subsets I oi X such that |/| ^ k. The group algebra of a group G over Q 
is denoted by QG. If G is a finite group, let Irr G denote the set of its (ordinary) 
irreducible characters over C. The Grothendieck group of the category of finite 
dimensional CG- modules is identified naturally with the free Z-module Z Irr G and 
we set Q Irr G = Q ®i Z Irr G. If A is a finite dimensional Q-algebra, we denote by 
Rad A its radical. If a S A, the centralizer of a in A is denoted by Za(o). The set 
of irreducible characters of A is denoted by Irr A. 

l.B. Coxeter groups. Let (W, S) be a finite Coxeter group. Let I : W — » N be 
the length function attached to S and let ^ denote the Bruhat-Chevalley order 
on W. Let wo denote the longest element of W. If / G "P(S), let Wi denote the 
subgroup of W generated by /. Recall that (Wi, I) is a Coxeter group. The trivial 
character of Wi is denoted by 1/. A parabolic subgroup of W is a subgroup of W 
which is conjugate to some W[. 

l.C. Solomon descent algebra. If I C S, we set 

Xi = {w e W | V s e I, ws > w}. 

Recall that an element w £ W lies in Xj if and only if w(Ai) C $ + . Let 

xi = w e <[ i w - 

weXj 

Let 

E(W) = © Q XI C QW. 
ier(s) 

If T is a subset of V(S), we set 

Zr(W) = © Q XI . 

In particular, Y, V{S) (W) = T,(W). Let 6 : S(W) -» QlxrW be the unique linear 
map such that 9{xi) — Ind^ 1/ for every I C S. Let (£i)iev{s) denote the Q-basis 
of HomQ(E(M / ), Q) dual to (a;j)j e -p(5). In other words, 

/e-p(s) 

for every a; € S(W). If s G S", we write x s (resp. £ s ) for X{ s j (resp. ^{ s }) for 
simplification. 
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If / and J are two subsets of S, we set 

x IJ = (x I )- 1 nx J . 

We write I = J if there exists w G W such that J = W I (or, equivalently, if 
Wi and Wj are conjugate subgroups of W). The relation = is an equivalence 
relation on V(S) and we denote by A the set of equivalence classes for this relation: 
it parametrizes the W-conjugacy classes of parabolic subgroups of W. We still 
denote by C the order relation on A induced by inclusion. Let A : V(S) — > A be 
the canonical surjection. We can now recall the following result of Solomon (Sj. 

Solomon's Theorem. With the previous notation, we have: 

(a) If I and J are two subsets of S, then 

XjXj = ^ X d -lj n j. 

dex,j 

(b) E(W^ is a unitary sub-Q-algebra ofQW. 

(c) 8 : S(W) — ► QlrrW is a morphism of Q- algebras. 

(d) Ker(9 = ^ Q(xi -xj). 

(e) RadS(W r ) =Ker6>. 

S(T / K) is called Solomon's descent algebra of W. If /, J and _ftT are three subsets 
of S, we set 

X IJK - {<iex ;j | rl /nJ = if}. 

Then, Solomon's Theorem (a) can be restated as follows: 

(1.1) xixj = ^ \Xijk\x K - 

KEV(S) 

l.D. Simple H(W) -modules. The intersection of two parabolic subgroups of W 
is a parabolic subgroup. Therefore, if w 6 W, we define W(w) to be the minimal 
parabolic subgroup of W containing w. We denote by A(w) £ A the parameter of 
its conjugacy class. The map 

A : W — > A 

is constant on conjugacy classes and is surjective: indeed, if A G A, if I £ A, and if 
c is a Coxeter element of Wi, then A(c) = A. The inverse image of A € A in W is 
denoted by C(A). It is a union of conjugacy classes of W. 

If A e A, let r A : S(W) -> Q, a; ^ 6»(x)(w), where to G C(A). Recall that 6»(x) is 
a Q-linear combination of permutation characters, so 6(x)(w) lies in Q. Moreover, 
t\ does not depend on the choice of w in C(A), and is a morphism of algebras. Also, 
the map 

t : A — > IrrS(W) 
A i — ► r A 

is bijective. By definition, if w G and a; G then 

(1.2) r AM (ar) = ^(x)H. 
Finally, recall that 

(1-3) T MJ) (x I ) = \X IJ j\. 

It follows that 



(1.4) xxj - t x( j)(x)xj G S 73 # (J) (iy) 

for every x G 
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2. Automorphisms of Coxeter groups 

2. A. General case. We fix in this section an automorphism a of W such that 
a(S) — S. Since I o a — £, a induces an automorphism of which is still 

denoted by a. The subalgebra of fixed points of a in T,{W) is denoted by Y>{W) a . 

Lemma 2.1. Let A be a sub-Q-algebra o/S(W). Then R&dA = A n RadS(W). 

Proof. Let I = A n RadX(W). Since S(W) is basic (i.e., all its simple modules 
are of dimension 1), Rad£(W) is exactly the set of nilpotent elements of S(W). 
Therefore, RadA C RadS(M / ). In particular, Rad^4 C I. Moreover, J is a two- 
sided nilpotent ideal of A. So I C RadA and we are done. □ 

Corollary 2.2. Rad(E(W) ff ) = (RadE(iy)) <T . 

The automorphism a acts on V(S) and this action induces an action of a on A. 
The set of cr-orbits in A is denoted by A/cr. It is easily checked that 

(2.3) T\ o a- 1 = r aW 

for every A G A. In particular, if we denote by r£ the restriction of t\ to T,(W) (T , 
then 



' A — r cr(A) 



(2.4) 

It is also clear that t% is an irreducible character of Tj(W) a . 

Proposition 2.5. The map A — > Irr(S(T4 A ) cr ) , A i— > induces a bijection A/ a 
Irr(S(iy) CT ). 



Proof. By Corollary 12.21 and since Q has characteristic 0, 6 induces an isomorphism 
of algebras 

S(W) ,T /Rad(S(W) <T ) ~ (Imey. 
So we have a natural bijection between IrrE(M / ) CT and Irr(Im(9) cr . If A £ A, let e\ 
be the idempotent of Im^ such that (lm9)e\ is a simple £(W)-module affording 
T\. Then 

Im6= 8 Qe A 

AeA 

and er(e A ) = e a{X ). So, 

(Im0) CT = ffi Q(Ve A ). 
f2eA / CT A^ 

This completes the proof of the proposition. □ 

2.B. Action of Wq. Let <tq denote the automorphism of W induced by conjugation 
by Wo, the longest element of W. Then ao(S) — S, so oq induces an automorphism 
of E(W). Of course, we have 

(2.6) E(WT° =Zx (w) (w ). 

Let us introduce another classical basis of Yj(W). If w £ W, we set 

lZ(w) = {s £ S | ws > w}. 

Then 

(2.7) K{w w) = S\1Z(w). 
If J £ P(S), we set 

Yj = {w £ W | ft(io) = ,/} 



and = u> £ 
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Then 

(2.8) xj = J2vj> 

ICJ 

so yj G S(W) and (yj)jev(S) is a Q-basis of £(W). Note that ys — {1} and 
y = {wo}, so u>o G S(M / ). Bv l2.7| we have 

(2.9) y yj = w yj = ys\j- 

The centrality of wq can be characterized by the invertibilty of the elements yj. 

Proposition 2.10. The longest element wq is central in W if and only if yj is 
invertible for all J G "P(S). 

Proof. Clearly x G £(W) is invertible if and only if {9(x)(w) : w G W}. 
Moreover, wo $ Wj unless I — S. And by Mobius inversion, 

idJ iev#(s)-.Jci 

Suppose wq is central in W. Then wo G Nw(Wi) for all / G V(S) and the index 
\N w (Wi) : Wi\ is even for I G V*(S). Let w eW. Then 6»(x/)(uj), which is a 
multiple of \Nw{Wi) : Wj|, is even for / G V*(S). And 9{yj){w), which is the 
sum of ±9(xi)(w) for certain / G V&{S) and 0(a;s)(u') = 1 is odd, in particular 
not zero. 

Conversely, if wq is not central in W, there is a maximal proper subset I C S 
such that I w ° ^ /. (Otherwise s w ° — s for all s G S, in contradiction to u>o 
being non-central.) It follows that, if w is an element of the same shape as /, then 
9(xi)(w) — \N\y(Wi) : Wi\ = 1. Hence yi = xj — xs implies 9(yi)(w) = 1 — 1 = 
0. " □ 



If / G V(S), we set 



Kev(i) 



1\\i\-\k\ 

X K . 



Note that {x'i)iev(S) is a basis of T,(W). Using |2~%1 it is easily checked that 

(2-11) ^ = (-5) m S (- 1 )' 7nJ1 ^- 

Jev(s) 

Therefore, bv l2.9[ we get 

(2.12) wox'j = (-Ipx'j. 

So, if wo is central in W, we can improve 11.41 
Lemma 2.13. Let I G V(S) and x G Z(W) a ° . Then 

xx'j G T Xi i)(x)xi + E Ps , W _ 2 {I){W). 

Proof. Let us write 

xx'j = ^2 a J x 'j- 

JCI 

Evaluating £1 on each side, we get that aj = tx(i)(x) fsee ll.4|l . Since x commutes 
with wo, it follows from l2.12"l that aj — if \ J\ — \I\ = 1 mod 2, as desired. □ 
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3. POSITIVITY PROPERTIES 

We denote by the set of elements a G E(W) such that £r(<z) 3? for every 

I G V{S). Note that xj G E+(W) for every I G If a, 6 £ E+(W), then 

(3.1) a + 6eE + (W) 
and, by Solomon's Theorem (a), 

(3.2) abeZ + (W). 

The aim of this section is to study properties of the elements of H + (W) (ideals 
generated, minimal polynomial, ccntralizer...). 

3. A. Ideals. A subset T oiP(S) is called saturated (resp. equivariantly saturated) 
if, for every I £ J 7 and every I' G P(S) such that I' <Z I (resp. A(X) C A(J)), we 
have i 7 G J 7 . If J 7 is equivariantly saturated, then it is saturated. If J- is saturated 
(resp. equivariantly saturated) then, by Solomon's Theorem (a), Y,p(W) is a left 
(resp. two-sided) ideal of E(W). 

Example AND notation - Then P<^ k(S) is an equivariantly saturated subset of 
V(S). Moreover, if I C S, then P{I) and P*(I) are saturated subsets of V{S). □ 

Proposition 3.3. Let T he a saturated subset of V(S) and let \T denote the 
character of the left T,(W)-module Yijr(W). Then 

re? 

Proof. This follows immediately from 11.41 □ 

If a G we set 

T{a) = {I G P{S) | 3 J G (fj(o) ^ and 7 C J)} 

X" cq (a){I G 3 J e (Cj(o) + and A(/) C A(J))}. 

Note that .F(a) C X" cq (a). Then X~(a) (resp. X" oq (a)) is saturated (resp. equivari- 
antly saturated) and, by Solomon's Theorem (a), 

(3.4) E(W>cE^ (a) (WO 
and 

(3-5) oE(W0cS^ (o) (W0- 

The next proposition shows that equality holds in 13.51 whenever a € Y, + (W). 
Proposition 3.6. Let a G E+(W). T/ien 

aE(W) = S^ eq(o) (W). 
In particular, T,(W)a C aE(W). 

Proof. We may, and we will, assume that a^O. Let T = X" cq (a) and X = aT,(W). 
Then J 7 is equivariantly saturated and X C T,^(W) (see I3.5|) . Now let I £ J 7 . We 
shall show by induction on |/| that x/ G X. 
First, note that 

aa^0 = f ^ |Xj|^j(a)^a;0 
/eP(S) 

so, by hypothesis, ax^ = mx with m > 0. Therefore, i G X. Now, let I E J- 
and assume that, for every J G J 7 such that J| ^ |/| — 1, we have xj G X. We want 
to prove that xj £ X. Let 7 G T'(S') be such that A(7) C A(Jq) and £i (a) 7^ 0. 
By the positivity of a and by Solomon's Theorem (a), this shows that £/(axj) > 0. 
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But axj — ^2j e -p/j\ £,j( ax i) x J ■ Since axi € X and xj G X for every J G V^(I\ we 
get that a;/ G X, as desired. □ 

Corollary 3.7. Let a G S + (M /r ). TTien a is invertible in T,(W) if and only if 
&(a) > 0. 

Corollary 3.8. Let a x ,. . . , a r G E+(W). TTien ai H ha r £ E+(W) and 

aiS(W) + • • ■ + a r T,(W) = (ai + • • • + a r )S(PF). 
Proof. By Proposition [321 we have 

oiE(W0 + ■ ' ' + <vE(W) = E^,(„ou...u^(a,)(W0. 
But it is clear that 

^eq(ai) U • • • U T cq (a r ) = F eti {ai H 1- «r)- 

By applying Proposition 13.61 to a = ai + • • ■ + a r , we get the desired result. □ 

3.B. Minimal polynomial. If a G E(W /r ), we denote by f a {T) G Q[T] its minimal 
polynomial. Let m a : Yj(W) — > E(W), a; i— > aa; be the left multiplication by a and 
let M a be the matrix of m a in the basis (a;j)j e -p(5). The minimal polynomial of a 
is equal to the minimal polynomial of the linear map m a (or of the matrix M a ). By 
II. 4( M a is triangular (with respect to the order C on V(S)) and its characteristic 
polynomial is 

IJ (T-T X(J) (a)). 

J£V(S) 

In particular 

(3.9) f a is split over Q. 

The main result of this subsection is the following: 
Proposition 3.10. Let a G E + (W). Then f a is square-free. 

Proof. Before starting the proof, we gather in the next lemma some elementary 
properties of elements of T, + (W). 

Lemma 3.11. Let L, J and K be three subsets of S such that 
J C K and let a G E+(W). Then: 

(a) X IK C X u and X IKK C X U j- 

(b) T X(K) (a) ^ T A(J) (a). 

(c) IfT X{ K){a) = T A (j)(a) and if £i(a) ^ 0,. then: 

(cl) X UJ =X IKK . 

(c2) If J <^K, then X IKJ = 0. 

Proof of Lemma \3.11\ It is clear that Xjk C X/j. Now, we have 
X mK = {de X IK | K C so (a) follows. Now, byO we 

have 

T x(K)(a) = ^2 £,i{a)\X IKK \. 

ieV{S) 

So (b) and (cl) follow immediately from (a) and this equality. 
Let us now prove (c2). So assume that Tx(K)(a) = T A(,7)( a )> that 
fj(a) ^ and that X IKJ ± 0. Let d G X IKJ . Then d G X u 
by (a) and J = 1 f] K C d I. In other words, d G X/jj. 
Therefore, d G Xikk by (cl) and, since we have 

J = if, as expected. □ 
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Let £ £ Q be an eigenvalue of m a . Let T = { J £ V{S) \ T X (j){a) — £}. Note 
that T 7^ 0. Since the matrix M a = (£j (cixk)) K,Jev(S) is triangular, it is sufficient 
to show that the square matrix (^(oxk^k^gf is diagonal. So, let J and K be 
two elements of T such that 0( aa; -ftr) 7^ 0- We want to show that J = K . First, 
since £j((IXk) ^ 0, we have J C K. Moreover, there exists I £ V(S) such that 
£/(a) 7^ and Xjkj ^ 0- But, by (2), we have Xjjj = Xjkk- Now, let d £ Xjkj 
(such a d exists by hypothesis). Then d £ Xu and J = d I C\ K £ d I. In other 
words, d £ Xjjj. Therefore, d £ Xjkk and, since J = d I n K, we have J = K, 
as expected. □ 

Corollary 3.12. Let a € E+(VK) and Zei n > 1. Then a n E(W) = aZ(W) and 
T,(W)a n = E(W)a. 

Proof. It is sufficient to prove this result for n = 2. If a is invertible, then the result 
is clear. If a is not invertible then, by Proposition 13.101 the minimal polynomial 
f a of a is divisible by T and not by T 2 . This shows that a £ Q[a]a 2 = Q[a]a 2 . So 
a 2 G T,(W)a and a 2 £ aY,(W), as expected. □ 

Corollary 3.13. Let M be a Y,(W) -module and let \m denote its character. Write 
Xm = TXi + • • • + T\ r , with \\,. . . , X r £ A (possibly non- distinct). Let a £ £ + (W) 
and let £ G Q. Then 

dim Q Ker(a-fId M | M) = \{1 ^ i ^ r \ r Xi (a) = 

Proof. Indeed, if x £ T,(W), then (TA ; (a;))i ^ t ^ r is the multiset of eigenvalues of x 
in its action on M. But, by Proposition 13.101 a acts semisimply on M. This proves 
the result. □ 

Example 3.14- Consider here the left £(VF)-module QW, with the natural action 
by left multiplication. Let \ denote its character. Then it is easy and well-known 
that 

X(xi) = \W\ 

for every I £ V(S). Therefore, 

(a) X = ]T|C(A)| T *= E r A(-)' 
Indeed, bv ll.21 we have 

E TAWfri) = E *(a*)(«0 = W(*i),ls) = \W\. 
w£W wew 

Therefore, if a £ T,+ (W) and £ G Q, it follows from Corollary l3~T3l and Ol that 

(b) dimQKer(a-£Id QH / | QW) — \{w £ W \ 9(a)(w) — £}|. □ 



3. C. Centralizers. The aim of this subsection is to prove a few results on the 
dimension of the centralizer of elements of T, + (W). We first start with some easy 
observation. 

Let a £ Y.(W). Let fi a : E(W) E(W), x ^ ax - xa. Then 
(3.15) Ker^ a = Z^ W )(a) 

so that 



(3.16) 



dimq'E(W) - dimQ Z^(w)( a ) = dirnQ(Im/i ). 
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Proposition 3.17. Let a £ £+(W). Then 

dirriQ Z s(w) (a) = 2 |51 - \T cq (a)\ + dim Q Y,{W)a - dim Q (Im^ a n S(W)a). 
In particular, 

dim Q Z s(H0 (a) < 2^ - |^oq(o)| + dim Q £(W')a < 2; 1 ^ 1 - |^eq(a)| + \H°)\- 

Remark - Recall that J 7 (a) C ^oq(a) so that the right-hand side of the above 
inequality is always ^ 2> s >. □ 

Proof. Let ir : dS(W) — > aE(W)/E(W)a be the canonical projection. Let / : 
E(W) — » oE(W), a; i— > as. Then 7r o / is surjective by definition. Moreover, note 
that the image of /i a is contained in aS(W). By definition, nof = irofi a . Therefore, 
7r o /i a is surjective. In particular, 

diniQ(Im/x ) = |JT cq (a)| — diniQ T,(W)a + diniQ(Im fj, a n E(VF)a). 

So the result now follows from 13.161 □ 

Example 3.18 - The following example shows that the first inequality in Propo- 
sition 13.171 might be strict. Assume here that W = S4 is of type A3. Write 
S = {si, S2, S3}, with S1S3 = s 3 si. Then 

dimQ Zy,(w){x{ Si ,s 2 }) = 5 

and 2 |s| - \F cq {x {suS2} )\ + dim Q £(W>{ ai , aa } = 6. □ 

Corollary 3.19. Let a e £+(W) and assume that Rad S(W) n £(VF)a = 0. T/ien 

dim Q Z s(vv) (a) = 2l s l - |JF eq (a)| + diniQ E(W>. 

Proof. Since Im/i a C RadE(14 7 ), the hypothesis implies that Im^, a n Y,(W)a = 0. 
So the result follows now from Proposition ^. 171 □ 

Example 3.20 - Let sgS. Let C(s) denote the set of elements of S which are 
conjugate to s in W and let c(s) = |C(s)|. Let a — J2tec(s) a t x t ^ be such that 
a t for every t e C(s). Then 

(1) ^cq(a) = C(s) U {0}. 

Moreover, if t € C(s), then ^ s (cca; s ) = £t(xxt) for every x € E(VF) (see ll.3l and ll.4j) . 
Therefore, 

(2) E(W)a = Qa®Qx . 
In particular, 

(3) RadE(W0nE(W> = 0. 

It then follows from (1), (2), (3) and Corollary |3~T§1 that 

(4) dimQ Z nw) (a) = 2l s l - c(s) + 1. 
Note that this equality holds if a = x s . □ 

Corollary 3.21. Let a e E+(VF) and let n^l. Then Z Ti(w) (a n ) = Z nw) (a). 

Proof. Since Z-£(w)( an ) C Z^ w ^(a), we only need to prove that the dimensions 
of both centralizers are equal. First, by Corollary 13.121 we have dimQ Y,(W)a — 
dim Q H{W)a n and dim Q aE(VF) = dim Q a n Y>{W). So, by Proposition we only 
need to prove that 

(P„) dimQ(Im ( u a , l n £(W» = dim Q (Im^ a n E(W)o). 

We will show (P n ) by induction on n, the case where n = 1 being trivial. So we 
assume that n 2 and that (P n _i) holds. First, note that fi a n(x) = afi a n-i(x) + 



10 



C. BONNAFE & G. PFEIFFER 



Ha(x)a n ~ 1 . Therefore, fi a n(x) 6 E(VF)a if and only if aa a n-x{x) £ E(W)a. But, 
by Corollary 13. 12[ the map k : aE(W) — * aS(W), u i— > au is an isomorphism and 
stabilizes E(W)a. Therefore, o/i a »-i(a;) £ E(VF)a if and only if jU a »-i (a?) £ E(W)a. 
In other words, 

Im/v* n E(PF)a = K -1 (ImMo»-i n E(W)a). 
This shows (P n ). □ 

Counter-examples. In this subsection, we provide examples to show that 
the different results of this section might fail if the positivity property is not satis- 
fied. 

• First statement of Proposition 13.61 - Assume here that W — 63 is 
of type A 2 and write S = {si,S2}. Let a — x Sl — x S2 . Then RadE(PF) = Qa. 
Therefore, aS(W) = Qa + S^ (o) (W). 

• Second statement of Proposition 13.61 - Assume here that W — 64 is 
of type A3. Write S — {si, s 2 , S3}, with S1S3 = s 3 si. Let Then 
x S2 — x S3 belongs to E(W)a but does not belong to aE(W). 

• Corollary 13.71 - Assume here that W = 63 is of type A 2 and write S = 
{si, S2}. Let a — xs — x S2 . Then £s(a) > but a is not invertible. 

• Corollary [SH- Let a e E+(W) be non-zero. Then aE(VF) + (-a)E(W) = 
aE(W) ^ (a + (-a))E(W) = 0. 

• Proposition 13.101 and Corollary 13.121 - Let a e RadE(FF) be non- 
zero. Then f a (T) = T n for some n ^ 2, so f a (T) is not square-free. Moreover, 
E(W)a ^ Z(W)a n = and aY>(W) ^ a n E(W) = 0. 

• COROLLARY 13.211 - Let a e RadE(FF) be non-central. Then there exists 
n 5s 2 such that a™ = is central. 



4. Some morphisms between Solomon descent algebras 

4- A. Restriction morphisms. Whenever K C S, F. Bergeron, N. Bergeron, 
R.B. Howlett and D.E. Taylor have constructed a so-called restriction morphism 
between E(W) and H(Wk)- They do not say that they are morphisms of algebras 
but this can be deduced from some of their results BBHT, 13 and Proposition 2.6]. 
However, we present here a simpler proof (see Proposition 14. 1[) . 

In this subsection, we recall the definition and the basic properties of these 
restriction morphisms, and we prove some results on their image. We first need 
some notation: 

Notation - If K c S, we denote by Xf, xf, 9 K , = K , A K , \ K 
and -rf for the objects defined in Wk instead of W and which 
correspond respectively to Xj, xi, 9, =, A, A and t\. 

If K C S, let ResK : E(W) -> E(W K ) denote the Q-linear map such that 

Res K (xi) = ^ x Kn d i 

d£X KI 

for every I £ V(S). If K C L C S, we denote by Res£- : Y.{W L ) -> E(W K ) the map 
defined like ReSif but inside Wl- Finally, if K' £ V(S) and if d £ Xkk 1 are such 
that d K' = K : then the map d* : T,(Wk') E(W r Rr), x t— > dxd~ x is well-defined 
and is an isomorphism of algebras. It sends a;^ to (7 £ V(K')). Let us gather 
in the next proposition the formal properties of the map Res^: 
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Proposition 4.1. LetKeP(S). Then: 

If x £ S(W), then xk Res^-(:r) = xxk- 
Res/f is an homomorphism of algebras. 



W 
(b) 
(c) 
(d) 



If K C L C S, then Res K 
The diagram 



Res K o Res/,. 



E(W) 



)IrrW 



Res 



K 



S(Wjf) ^QJxtWk 

is commutative. 

(e) If K' £ V(S) and if d £ X KK > are such that d K' = K, then 

Res/f = d* o KesK' ■ 

Proof. If I C K, then XKxf = xj. So the map \ik '■ ^(Wk) —* T>(W), x i— » ijci 
is well-defined and injective. (a) follows from this observation and from Solomon's 
Theorem (a), (b) and (c) follow from (a) and from the injectivity of [Ik (note that 
Resi<-(1) = 1). (d) is a direct consequence of the Mackey formula. Finally, we have 
xk' = xpcd. So (e) follows again from (a) and from the injectivity of \ik ■ D 



The natural map V(K) — > V(S) induces a map ttk ■ — ► A. The next corollary 
is a generalisation of Theorem 3.6]. 

Corollary 4.2. If X £ Ak, then t wk (\\ — t x o Res^ . 

Proof. This follows from Proposition 14. ll (d). □ 

The Corollary can be written as follows: if / £ P(K), then 
(4.3) t a(/) = t Xk(i) o ResK ■ 

The next result generalizes jA] Theorem 2.3]. 

Proposition 4.4. X^VF) = Ker Res^ Q>Y<(W)xk and KerRes/f is the set of x £ 
T,(W) such that xxk = 0. 

Proof. By Proposition 14. II fa), we have dimQ(ImResx) = dimQ Y 1 (W)xk- There- 
fore, 

diniQ(Ker Res^) + dimQ T,(W)xk = dimjj E(W). 

Now, let x £ Y>(W) be such that xxk £ KcrRcs^- According to the previous 
equality, it is sufficient to show that xxk = 0. But, by Proposition ^. II (a), we have 
that xx\ — 0. By Corollary 13. 121 this implies that xxk = 0. □ 

Corollary 4.5. The following are equivalent: 

(1) ResK is surjective. 

(2) dimT,(W)x K = 2W. 

(3) E(W)x K = E nK) (W). 

Proof. By Proposition 14. II (a), we have that dimQ T,(W)xk = dimQ(ImResx). By 
Solomon's Theorem (a), we have that T,(W)xk C T,-ptK)(W). Moreover, note that 
dimQ E-p(jj-)(Vy) = 2> K >. The corollary follows from Proposition ^. 41 and these three 
observations. □ 
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We now investigate further the image of Res^. First, let 
W{K) = {we X KK | W K = K}. 
Then W(K) is a subgroup of W and 

N W {W K ) = W{K) tx W K - 
Moreover, W(K) acts on T,{Wk) by conjugation. 
Proposition 4.6. ImRes A - C Z(W K ) W(K) ■ 

Proof. This follows immediately from Proposition 14. II (e). □ 

Corollary 4.7. IfHesx is surjective, then the map ttk '■ A#- — > A is injective and 
W(K) acts trivially on Wk- 

Proof. This follows immediately from Corollary |4~2"1 and Proposition 14. Gl □ 

Example 4.8 - Assume here that W — & n is the symmetric group of degree 
n. View & n -i as a parabolic subgroup of W. Then, by [BGRj . the restriction 
morphism S(6„) — > E(6„_i) is surjective. Therefore, by Proposition 14. II (c) and 
(e), if K is a subset of S such that Wk is irreducible, then Res^ is surjective. 

Moreover, the map ttk is injective if and only if Wk is irreducible. So we have 
shown that, if W is irreducible of type A, then ReSif is surjective if and only if ttk 
is injective. □ 

Examples 4.9 - Let W be irreducible of exceptional type. Let n = \S\. We 
write S = {si, S2, . . . , s n } following the convention of Bourbaki |Bbk[ Planches I- 
IX]. For simplification, we denote by zi*2 ■ ■ ■ *fc the subset {s^, Si 2 , . . . , Si k } of S (for 
instance, 134 stands for {si, S3, S4}). Then, computations using CHEVIE show that: 

(a) If W is of type Eq, £7, Eg, G2 or i?3, then Res^ is surjective if and only 

if \k\ e{o,i,|5|}. 

(b) If W is of type F4, then Res A is surjective if and only if K belongs to 
{1234, 123, 234, 13, 14, 23, 24, 1, 2, 3, 4, 0}. 

(c) If W is of type H4, then Res^ is surjective if and only if K belongs to 
{1234,123,1,2,3,4,0}. □ 

Remark - The examples 14.91 show that the converse of Corollary 14.71 is not true 
in general. □ 

We will see in the next subsection some other examples of restriction morphisms 
(groups of type B or D) and some results concerning their images. 

4-B. Type B, type D: another restriction morphism. We shall investigate 
here some properties of S(W) whenever W is of type B or D. We fix in this 
subsection a natural number n ^ 1. Let (W n , S n ) be a Coxeter group of type B n . 
We write S n = {t, si, S2, ■ ■ ■ , s„_i} in such a way that the Dynkin diagram of W n 
is 

t Si s 2 s„_i 

O Q O — • • • — O 

Let si = t Sl t, S' n = {si, St, s 2 , . . . , s„_i} and W' n =< S' n >. Then (W^, S' n ) is a 
Weyl group of type D n : its Dynkin diagram is 



Sn-l 

o 
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Recall that W n = < t > xWjJ. So X n — {l,t} is the set of minimal length coset 
representatives of W n jW' n . We set x n = 1 + t G QW n . Note that conjugacy by 
t induces the unique non-trivial automorphism of W' n which stabilizes S' n : this 
automorphism will be denoted by a n . If 7 C S' n or if 7 C S n , we denote by Wj 
the subgroup of W n generated by 7. It is a standard parabolic subgroup of W' n or 
of W n and it might be a parabolic subgroup of both. If J C S' n , we still denote 
by Xf" the set of w G W n such that w has minimal length in wWj and we set 



w G QW„. Therefore, if J C 5^ 



SL 



(4.10) a;£ n = (1 + t)x? 
If 7 C 5„, then it is easy to check that 

(4.11) Wi H W' n = WV,ns;, and 
Moreover, if t 7, then 

(4.12) Wj n W' n = Wi and *W> n W' n = Wn- 
We set 

Xi >n = x n n Xj 



and 



dex t . 



s' 



In other words, by 14.111 and 14.121 



s'„ 



(4.13) 



x w I ns , n 



if i G 7, 
if < 7. 



This can be extended by linearity to a map Res„ : T,(W n 
shares with the restriction morphisms many properties: 

Proposition 4.14. With the above notation, we have: 

(a) If x G S(W ?1 ), f/ien a;„Res n (:z;) = xx n . 

(b) Res n is an homomorphism of algebras. 

s' 9 

(c) Res s 7 o Res„ = Res„_i o Res s ^_ i . 

(d) The diagram 



E(W£). This map 



E(W„) 



)IrrW„ 



Res,, 



Res 



" -QlrrW^ 

is commutative. 
(e) ImRes„ = £(W') <T ». 

Proof, (a) Let 7 C £„. We want to prove that iEj (1+i) = (1 + Res„(a; J "). First, 
assume that i g" 7. Then Wj C W 7 ^. Therefore, x 7 " = (1 +t)xj n . Consequently, 

sf»(l + *) = (l + t)a:J»(l+t) 

= x^" + taj" + + ta;^"t 

= (l + t)(xf +xff) 

= (l + i)Res„(xf"), 
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as desired. Now, assume that t 6 I. Then X n = {l,t} is a set of minimal length 
coset representatives of Wi/(Wi (~l W„). Therefore Xj"x n = x-^ nS , = x n x^ inS , ; 
as expected (note that the last equality follows from 14.101 

(b) First, note that Res„(l) = Res n (xg ) = x s ? = 1 by definition. The fact that 
Res n (xy) = Res„(ir) Res n (y) for all x,y& E(W„) follows immediately from (a) and 
from the fact that the map fi n : QW^ — > QW n , x h- > x n x is injective. 

(c) follows also from (a) and from the fact x n x s ? = x s n i x n _i. 

(d) follows from the Mackey formula for tensor product of induced characters. 

(e) This follows easily from 14.131 □ 

We conclude this subsection by two examples where the image of the restriction 
map Resif is computed explicitly. The first one concerns type B (see Proposition 
14. 1 5[) while the second one concerns the type D (see Corollary 14. 16)) . 

Proposition 4.15. The map Res|"_ : Y<(W n ) — * E(W rl _i) is surjective. 

Proof. We have 

x s2-i = { s i s «+i • • • s n-i I 1 < i < n} 

]J {s.iSi_i . . . siisis 2 • • • Sn-i | < i < n — 1}. 

Therefore, if d G W„ and if i G {1, 2, . . . , n — 1} are such that d _1 6 x s"_ 1 , dsj > d, 
and dsid^ 1 G S n -\, then 

(*) dsid' 1 G {sj, Si_i}. 

We define a total order =^ on V(S n -i). Let / and J be two subsets of S n -\. Then 
we write / =<! J if and only if one of the following two conditions are satisfied: 

(1) |/| < \A 

(2) |/| = | J| and I is smaller than J for the lexicographic order on 
V(S n -i) induced by the order t < s% < ■ ■ ■ < s„_i on S n -i. 

It follows immediately from (*) that 

Res|^_ i x s f G ajxj— 1 + ^ Qzf 1 " 1 
with aj > (for every J G P(S n -i)). The proof of the proposition is complete. □ 



s' 

Corollary 4.16. The image of the map Res;? : S(W;) -» SCW,^) is egwaZ to 

Proof. This follows from Proposition ^. 141 (c) and (e) and from Proposition ^. 151 □ 

Remark 4.17 - If n is odd, then cr„ = ao, the automorphism of E(W^) induced 
by conjugation by the longest element of Wj^. □ 

4-C. Self-opposed subsets. A subset K of S is called self-opposed if, for every 
w eW such that C S, we have = K. 

In this subsection, we fix a self-opposed subset if of S. If s G S \ K, we set 
Wk",« = ifjru{s(' (, ff (here, if J is a subset of 5, Wz denotes the longest element of 
Wi). Then, since K is self-opposed, we have wk,s G W(K). Now, if / is a subset 
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of S containing K, we set I(K) = {wk,s | s 6 I \ K}. Then (see for instance |GP[ 
Remark 2.3.5]) 

(4.18) (W(K), S(K)) is a finite Coxeter group. 

Notation - We denote by Xj, Xj, K( K ) and \ K ) the objects 
defined like Xi, xi, A or A but inside W{K). 

Let tp K : T,(W) -> E(W(K)) be the linear map such that 

fx%L if if C/, 



otherwise, 



for every subset I of S. 



Proposition 4.19. Assume K is self-opposed in S. Let I , J, L C S be such that 
K C I, J, L. Then X^ )J{K)L{K) = X IJL . 

Proof. First note that, if Ir^ is the length function of W(K) with respect to S(K) 
then, for any s S S \ K, we have that l(ws) > l(w) if and only if 1^ k ^{wwk.s) > 
l( K )(w) (see [Li Theorem 5.9]). It follows that = XjnW(K) for every subset 

J of S containing K. Moreover, W J{K) = Wj n W{K). 

Let g? £ Xfj£ for some L C 5 containing if. Then K C L C I d implies 
d G Also iy/ n Wj = W L implies n W J{K) = (Wj n W{K)) d nWjH 

W(K) = W L r\W(K) = W L(K) , whence X IJL C xjg )J(K)i(K) for all K C L C S. 

Equality follows from that fact that A^f^w,^ = AT/,/nVl / (A') is both the disjoint 

union of the sets X^^ ]^x)l(K) w ith K C L C S 1 and the disjoint union of the sets 
X IJL with K CLCS. □ 

Theorem 4.20. If K is a self-opposed subset of S, then ipK is a surjective homo- 
morphism of algebras. 

Proof. The surjectivity oiipK is clear from the definition. Also, ipn(l) = iPk{xs) — 
X S(K) = 1- Let us now prove that ipx is respects the multiplication. Let /, J be 
two subsets of S. We want to prove that 

(*) ip K (xiXj) = ^Pk{xi)iPk{xj). 

Assume first that / (or J) does not contain K. Then ^Pk{xi)%Pk{xj) = 0. Let 
d S Xij. If K is contained in d 1 In J, then K is contained in J or d K is contained 
in I C S, so K is contained in / or in J, which is impossible. So iJjk{xiXj) = 0. 

Assume now that both J and J contain AT. Then 

iPk{xixj) = \ x ul\ x L( K y 

KCLCS 

In this case, (*) follows from Proposition 14. 191 □ 

Example 4.21 - Assume here that W is of type B n and keep the notation of 
the proof of Proposition 14.151 Then {t} is a self-opposed subset of S and W({t}) 
is of type B n -\- So Theorem 14.201 gives another surjective morphism between 
the Solomon algebra of type B n and the Solomon algebra of type B n -\. This 
homomorphism does not coincide with the one constructed in Proposition 14. 151 □ 

Example 4.22 - Assume here that (W,S) is of type £7 and assume that S — 
{si I 1 ^ i 7} is numbered as in [Bbkl Planche VI]. In other words, the Dynkin 
diagram oiW is: 
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si s 3 s 4 s 5 s 6 s 7 

o — o — o — o — o — o 

S2 (J 

Let X = {s2, S5j sj}. Then JC is self-opposed and W(K) is of type F4. So Theorem 
14.201 realizes the Solomon algebra of type F4 as a quotient of the Solomon algebra 
of type E 7 . □ 

If / is a subset of S(K), we denote by zuk(I) the unique subset A of S containing 
K such that A(K) = I. Then the map vdk ■ V{S{K)) — > T'(S) induces a map 
: A(x) - * A (indeed, by the definition of W(K), if I and J are two subsets of 
S(K) and if w € is such that W I = J, then w vo K {I) = w K {J)). Then, if 

I C S(K), we have, bvOl 

(4.23) 7-A( TOK (/)) = ^(j) 

We close this subsection by showing that the morphisms Res^ and tpx are com- 
patible. More precisely, let L be a subset of S containing K . Then K is self-opposed 
for Wl and Wl(K) is the parabolic subgroup of generated by L(K). Let 

■0^ : S(VK L (i^)) be the morphism defined like ip K but inside W L . Then 

the diagram 

E(W0 — — " E(W(iQ) 

( 4 - 24 ) Res L 

S(W L ) EfW^fJT)) 

is commutative. Indeed, if / is a subset of L containing we have iPk(xi) — 

Xi(k) = x L (k^k( x \)- In other word s, ip K (xLx) = Iz^VkC 1 ) for ever y » & 
So the commutativity of 14.241 follows from Proposition 14.11 fa) and from 
routine computations. 



.1,1 



Res 



L(K) 



5. LOEWY LENGTH OF E(W) 

The Loewy length of a finite dimensional algebra .A is the smallest natural number 
k > 1 such that (Rad A) fc = 0. We denote by LL(W) the Loewy length of E(W). If 
a is an automorphism of such that cr(5) = S, we denote by LL(W / , a) the Loewy 
length of Y,(Wy. By Corollary^ we have 

(5.1) LL(W, a) ^ LL(W). 

By Solomon's Theorem (e), LL(W / ) is the smallest natural number k ^ 1 such that 
(Ker6») fc = 0. 

5. A . Upper bound. Let us start with an easy observation (recall that <To denotes 
the automorphism of W induced by conjugacy by wo): 

Lemma 5.2. Let k 0. Then: 



(a) (Ker0).E fe (W) c E fc _i(W). 

(b) (Kere)°».E fc (W) C E fc _ 2 (W). 
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Proof. Let J G V(S) be such that | J| < k and let x G Ker6>. Then t x(j) {x) = 0. 
Bv ll.41 we then have xxj 6 Y,k-i(W), whence (a). If moreover x E (Ker0) CT °, then 
xs'j G £ fe _ 2 (W0 by Lemma CHI This shows (b). □ 



Remark - It is not true in general that E k (W).(Kei 9) C Y> k -i{W). □ 

Corollary 5.3. We have: 

(a) LL(W) \S\. 

(b) LL(W>„) < |tS " ' 



2 

Proof, (a) We have Ker6> C and Ker6> n E (W) = (see Solomon's 

Theorem (d)). So, by Lemma 15.21 (a), we have (Ker6>) |s| = 0. 

(b) By Lemma [01(b), we have (Ker6>) CTo C T,\ S \_ 2 {W) and ((Ker 6) a °) r C 
^\S\-2r{W) for every r > 0. This shows (b). □ 



Example 5.4 - It is a classical result [3 Corollary 3.5] that, if W is of type 

~n~ 

2 

On the other hand, 



A n , then LL(VF) = n. In this case, we also have LL(W, o"o) 



Indeed, 



let Z = LL(W,ct ). By Corollary EH (b), we have I ^ 

let a = X{ S1 s „_ 1 } — ^{s 2 ....,s„}: where S = {si, S2, . . . , s n } is numbered such that 
(siSi+i) 3 = 1 for every i 6 {1,2, ... , n—1}. Then, by [XJ Proof of Corollary 3.5], we 

have a G RadS(VF) and a"^ 1 7^ 0. In particular, (a 2 )!^ 1 ^] ^ 0. But, o- (a) = -a, 
so cr (a 2 ) = a 2 . Therefore, by Corollary we have a 2 G Rad(S(W) CT °) . So 

/ > — , as desired. □ 
2 

5..B. Type B. We keep the notation of subsection [LBj The aim of this subsection 
is to prove the next proposition: 

Proposition 5.5. If n ^ 1, then ~L~L(W n ) = 



Now, let r 



n — 1 



It is 



Proof. By Corollary O (b), we have LL(W n ) ^ } 

sufficient to find m,. . . , a r G RadE(IL r „) such that a r ...a\ ^ 0. 

If 1 < i < j < n — 1, we set [z, j] = {s^, Sj+i, . . . , s-,}. If 1 ^ i ^ r, we set 

a i = ^[2i-l,n-2] — £[2t,n-l]- 

Then aj G RadS(W„). We shall show that a, a\ ^ 0. If 1 ^ i ^ r, we set 

2i-l , s 

3=0 \ ■> / 

We will show by induction on i that 

(Pi) <n...ai GQ x r i + E„_2i-i(W„). 

Note that, if (P r ) is proved, then the proposition is complete. Now, (Pi) holds 
since a\ = t\. So, let i G {2,3, . . . , r} and assume that (Pj_i) holds. By Lemma 
15.21 (b), there exists three elements a, (3 and 7 of Q such that 

aiX{j+l,n-2(i-l)+j] 

G aX[j + li „_2i+j] + /?2 : [j+2,ri-2j+j + l] + 7 :E [j+3,n-2j+j+2] 

+ s„_ 2l _ 1 (iy) 

for every j G {1,2, .. .2i — 1}. The fact that a, (3 and 7 do not depend on j 
follows from the fact that there exists w G Xu+i, n -2(i—i)+f\,[j'+i,n-2(i—i)+j'] such 
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that w \j' + 1, n - 2(i - 1) + f] = [j + 1, n - 2(i - 1) + j]. In particular, we have 
x\j+i,n-2(i-i)+j]W = ^[j'+i,n-2(i-i)+i']- Since a 4 G Kcr6», we have a + (3 + 7 = 0. 
Also, 

a; [j + l,n-2(i-l)+i]W ; 0'W ; [j"+l,n-2('i-l)+j] = x [j+l,n-2(i-l)+j] ■ 

Therefore, a — 7. In other words, 

&i x [j+l,n-2(i-l)+j] 

S (^(a;^^.! n _2i+j] ~ 2x^ + 2,ri-2i+j + l] +^[^'+3^1-24+^+2]) 

+ S„_ 2i _ x (W). 

Hence, by the induction hypothesis, by Lemma 15.21 (b) and by usual properties of 
binomial coefficients, we have 

Oi...ai eQ*aTi+£ n _ 2 i-i(W n ). 

So it remains to show that 

For this, consider the case where j — 2i — 3 and write 

s [2i-l,ri-2] :,:: [2i-2,n-l] = 0- x [2i-2,n-3] + O x [2i-l,n-2] + c ^[2i,n-l] 
and 2 ; [2i,n-l] a: [2i-2,n-l] = ^£[21-2, n-3] + ex [2i-l,n-2] + f x [2i,n~l] 

with a, 6, c, d, e and / in Q. We then have b — e = —2a. Since b ^ 0, it is sufficient 
to show that e = 0. In other words, we need to prove the following lemma: 



Lemma 5.6. If d G Xm n -i] [2i-2 n-i] > then d [2i, n — 1] ^ [2i — 
l,n-2]. 

Proof of Lemma \5.6\ We identify W n with the group of permuta- 
tions <t of E = {±1, ±2, . . . , ±n} such that <j(— k) = — cr(fc) for 
every k £ E (t corresponds to the transposition (—1,1) while Sk 
corresponds to (k,k + l)(—k,—k — 1)). If d e ^[2i- 2 ,n-i]i then 
d is increasing on {2i — 2, 2i — 1, . . . , n — 2, n — 1}. If moreover 
d_1 [2i,n- 1] = [2i - l,n-2] (in other words, if d [2i - l,n-2] = 
[2i,n-l]), then d({2i-l,2i, ...,n-l}) C {±2i,±(2i + l), ■ ■ -±n} 
and c? has constant sign on {2i — 1, 2i, . . . , n — 1}. Two cases may 
occur: 

• If d(2i— 1) > 0, then, since d has constant sign and is increasing 
on {2i — l,2i, ...,n — 1}, we have d(n — 1) = n. But this is 
impossible since d(n) > d(n — 1). 

• If d(2i — 1) < 0, then, by the same argument, we have d(2i — 
1) = — n. But this is again impossible since d(2i— 2) < d(2i—l). □ 

The proof of (Pi) and of the proposition is now complete. □ 



Remark 5.7 - Assume here that W is of type f?2r+i, r ^ 1 and let r r denote 
the element of E(W^) defined in the proof of Proposition [STTUl Computations using 
CHEVIE show that the following question has a positive answer for m G {1, 2, 3}: 

Question: Is it true that (Ker8) r = Qr r ? □ 



5. C. Type D. The following result is an easy consequence of Proposition 
its proof) and of the existence of the homomorphism of algebras Res„. 

"n 
2 



(and 



Corollary 5.8. If n ^ 1, then LL(W^,a„) = 
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Proof. Let I be the Loewy length of E(W^) CT ". Keep the notation of the proof of 
Proposition [53] Let a[ — Res n ai. Then, by Proposition 14. 141 (b) and (e), we have 
a\ G RadS(W^) CT " and a r . . .a\ = aRes„ r r , where a ^ 0. But, it is clear from the 
definition of Res„ that Res„ r r ^ 0. So a' r . . . a[ ^ 0. So I ^ r + 1. 

The fact that I ^ r + 1 follows from Propositions 15.51 and 14.141 (e) . □ 



Corollary 5.9. Let n^3. Then: 

~n 
2 



(a) If n is even, then LL(W^' 



(b) Ifn is odd, then LL(W^) ^ . 
Proof. By Proposition [4. 141 (c). 

(*) Res„(Rad T,(W n )) = RadEOO" 7 " = (RadS^))' 7 ". 



So (a) follows from (*), from Corollary [531 and from Corollary [ 

Let us now prove (b). Write n = 2r + 1 and keep the notation of the proof of 
Corollary 15.81 Let a = X{s' 17 s 2 S2r j — £{si,s 2 ,...,s 2 r}- ^n eas Y computation shows 
that 

a 'i x {si,s 2 ,...,s 2r } G a\ + ^v#({ Sl , S2 ,..., S2r })(W). 

But, by the equalities (3) and (4) of the proof of Proposition l5.10l and by Lemma 
[Ol(b), we have ay . . . o- 2 £-p#({ Sl , S2 , ..., S2r }){W) = 0. Therefore, 

oy . . -0"ia:{ sliS2i ... )S2t ,} =a r ...a%. 

Since x^,*!,...^} = £{ sl , S2 ,..., S2r .}d, where d = w^Wq, we get that 

0~ r . . . <7\0, = 0~ r . . . 020\(\ — d) . 

Therefore, oy . . . o\a ^ (indeed, the coefficient of x^ is non-zero). But, a G Ker# 
because \S\ is odd. So LL(W2 r+1 ) ^ r + 2, as desired. □ 



5.D. Lower bound. The aim of this subsection is to prove the following result: 



Proposition 5.10. IfW is irreducible, then IAj{W) ^ LL(W,ao) ^ 




Proof. By 15.11 we only need to prove the second inequality. The proof of this 
proposition will proceed by a case-by-case analysis. First, the exceptional groups 
can be treated by using CHEVIE (see the Table given at the end of this paper). If W 
is of type A, then this follows from Example 15.41 If IS"! = 2, then there is nothing 
to prove. If W is of type B, this follows from Proposition 15.51 If W is of type D, 
this follows from Corollary GS3 The proof is complete. □ 

The next result follows from Corollary [531 and Proposition 15. 101 



Corollary 5.11. IfW is irreducible, then LL(W,(Jq) = 




Corollary 5.12. IfW is irreducible and wq is central in W , then LL(W^) — 
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5.E. Conclusion. The next table gives the known Loewy lengths of the algebras 
Y,{Wy for W irreducible and a is a length-preserving automorphism of W. 



Type of W 


o(a) 


lA/crl 

1 / 1 


LL(VF 


a-) 




A n 


1 

2 


p(n) 
p(n) 




n 

"n" 
2 






B n 


1 


n 

T — 




"n" 
2 










2n-2 










D 2n 


1 


p(n) +p(2n) + ^ P( r ) 

r=0 
2n — 2 




/; 






(n ^ 2) 


2 


v(1tl) > ufrl 
y\*" b j 1 / ^ y 

j-=0 




?i 










2n-2 












i 

± 


nl /n 1 1 X n I t* 1 

R zn J T ^ VV>) 


> n 


+ 2 M 








r=0 
2n~2 










(n > 1) 


2 




n + 


1 








i-=0 










Da 


1 


11 




2 




16,5 




2 


9 




2 




12,3 




3 


7 




2 




8,1 


E e 


1 


17 




5 




64,47,28,12,3 




2 


17 




3 




40,23,5 


E 7 


1 


32 


4 


128,96,34,2 


E 8 


1 


41 


4 


256,215,106,14 


F A 


1 


12 




2 




16,4 




2 


8 




2 




10,2 


H 3 


1 


6 


2 


8,2 


Hi 


1 


10 


2 


16,6 


h{2m) 


1 


4 




1 




4 




2 


3 




1 




3 


h(2m+ 1) 


1 


3 




2 




4,1 




2 


3 




1 




3 



The exceptional groups are obtained by using CHEVIE. Type A is mainly due to 
Atkinson O Corollary 3.5] (see Example 15. 4|) . Types B and D are done in this 
paper (except for the type Z?2n+i)- Dihedral groups are easy. It must be noticed 
that the inequality (*) is an equality for n = 2 or 3. We suspect it is always an 
equality. 

In this table, di denotes the dimension of (Rad(£(W0 CT ))\ These numbers arc 
not given for infinite series of type A, B or D. Note that do — dim£(14 7 ) <T and 
that |A/er| = do — d\. We denote by p(n) the number of partitions of n. We denote 
by o(cr) the order of a: it characterizes the conjugacy class of a in the group of 
automorphism of W stabilizing S. 
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